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Non-homothetic Production Functions Subject to
Different Types of Technical Progress*

——Theory and Estimation——

Ryuzo Sato and Wilhelm Krelle

1. Introduction

The concept of an aggregate production function has proved to be a very fruitful one
in economic theory, although there are those who would challenge this assertion. This concept
is somewhat like a myth. Of course, there is no single output in the economy, and as a rule
there are thousands of factors of production to be combined in a very complicated way, not
likely to be described by a single equation called a “production function.” Aggregation of
different factors is subject to very restrictive conditions which will not be fulfilled in reality,
and technical progress changes the production function (if it exists) in a way difficult to
predict. Nevertheless, if one looks to an economy or a sector from a vantage point far enough
away so that only some rough features may be distinguished and if one is content with a
relation holding approximately true only for a limited number of periods, the production
function 1s a useful tool in economic theory. |

Under these circumstances, the properties of the production function have to be pos-
tulated and if an econometric estimation is to be done, the analytical form of the function
has to be specified also. Since technical progress is an overwhelming fact in the production
process in modern times, it is necessary to somehow incorporate it into the production
function. If there were no rules regarding how the production relations systematically change
as a result of technical progress, the concept of a production function would be of little analyt-
ical use. Most economists agree (and econometric tests support it) that there are certain
relationships among certain economic variables which are invariant with respect to changes
in technology (Arrow, etf. al. [1], Jorgenson and Griliches [5], Sato and Beckmann [13, 14],
Krelle [6]). These invariant retationship's define the concept of “neutrality”” in technical
progress. The most well-known examples of “neutral’’ technical progress are: Hicks neutral-
ity, Harrod neutrality, Solow neutrality and Sato-Beckmann neutrality. Unfortunately,
agreement has not been reached among economists as to which type of “neutrality” fits the
facts best!). Perhaps different types of neutrality are appropriate for different sectors of the
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tions by Knut Kiibler of the Institute for Social Economic Sciences, Bonn. They are also grateful to the
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1) There are reasons to favor Harrod neutrality. If fofal labor appears as an argument in the produc-
tion function of an economy, then only improvement of the labor occupied in research and development
is responsible for technical progress in machines. Moreover, since neoclassical growth theory depends on
Harrod neutrality and this theory seems to explain some important features of developed economies in
a reasonable way, growth theory itself recommends Harrod neutrality.



302 ' B OO W % Vol. 29 No. 4

economy. Moreover, as a rule, these types of neutrality have been applied to production
functions subject to a constant returns to scale technology or a monotone transformation
of it, called homothetic production functions. But for sectors of the economy and for firms
having U-shaped average cost functions and for the purpose of cross-sectional studies, it is
much more appropriate to assume nonhomothetic production functions; cf. [8, 14]. Since
homothetic production functions are a special case of non-homothetic functions nothing is
lost by starting with non-homothetic functions and then switching to homothetic functions
if it is not rejected.

This paper follows an earlier paper of Sato and Beckmann [14]. First, general explicit
or implicit non-homothetic production functions which are compatible with different types
of neutrality in technical progress are derived. Then these functions are specified in order
to conduct econometric estimation employing German industry data. The results are used
to ascertain homotheticity or non-homotheticity of the production function and to determine
the type of neutrality of technical progress contingent on the specification of the production
function employed in the empirical analysis.

2. Non-homothetic Production Functions Subject to Hicks Neutral Technical Progress

a. Partial Hicks Neutrality

- Let

Yzf(.'l};, “**y Tny T)
be an explicit production function, where ¥'=final product, z;, -+, 2, =factors of production,
T =state of technology. Partial Hicks neutrality in technical progress is defined as that type
of technical change that leaves the marginal rate of substitution between any two factors
of production invariant during the change of technology as long as the amounts of these
factors and the final product remains unchanges:

(1) wy=fi(zi,z5 Y), 1=, jé_ﬂ,
where @;;=the marginal rate of substitution between the ¢*» factor z; and the j** factor z;.
Under the cost minimization behavior and fixed prices the marginal rate of substitution,
being the ratio of the marginal products of these factors, is equal to the factor price ratio.
Thus,

(lf) mii=£=ﬂ=f”(mi!$h Y): léi,jgﬂ,
Y pj

where ¥; and ¥; are the marginal products of z; and z; and p;, p; are the prices of these
factors. An invariant relationship such as equation (1) or (1/) implies certain characteristics
of the underlying production function which will be derived now.

Equation (1) or (1/) defines a set of partial differential equations of the first order quasi-
linear type, 1. e.,

Y Y
1.!” —_ L] , ’Y T e , 1§ »’ -é , . .’
(177) 97, S (24, 4 )6.1:; 0 L, J=n 1#]
with appropriate differentiability conditions. The equation of the characteristic is:
dx; dx; dY

@ T 0 1
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Integrating these we obtain:
(3) Fii(zi,zj, Y)=CU (21, Bic1y Tiaty ***y Tj1y Tjsty **y Ty ¥, T') s
1<, j<n, i#j,
where the arguments of the function C% are all inputs except x; and z;, ¥ and technical
progress index T'. The choice of 7 and j is completely arbitrary so that we could choose any
of the n(n—1) differential equations of equation (1//), (of which only n(n—1)/2 are independ-
ent). Since either z; or z; again appears in the right-hand term in all solutions with respect
to wy or wy equation (3) must take the form:
(3") Fi(xy, YV)+Fi (x5, YV)=CY(x1,**, T, ¥V, T), 1=4,5<n.
Therefore, the solution (3’) may be extended by considering all other pairs of factor inputs
to: |
4) F'(z1, Y)+F* (23, V) 4+ F (20, Y) =¢(V, T).
Technical progress enters into the ¢ function because it is a variable in the production
function not included in the marginal rate of substitution function. Hence, we have:
Theorem 1: If technical progress is partial Hicks-neutral, 1. e., if the marginal rate of substitu-
tion between x,; and x; is invariant under the given values of z;, z; and V,(1<14, j<n), then
the underlying production function must have the form (4). It is an implicitly additive and
(possibly) non-homothetic production function with partial Hicks—neutral technical progress.
- Note that the separability condition in the marginal rate of substitution function is nof
necessary to derive the implicitly additive type of production function (see Sato and Beck-
mann [14]).
Of course, function (4) contains the well-known “explicitly Hicks neutral” case as a

T
special case. For instance, if ¢ (¥, 7') = ¥/T and aai

=0 (explicitly additive), then (4) can

be written as

(5) Y=T3 Fi(z),

i=1

which is an explicitly additive standard Hicks neutral technical progress function. It is
important to note, however, that Hicks neutrality is only one special case of the explicitly
additive production function

3 @) =¢(V,T),

for we can readily imagine production functions which are explicitly additive but not ex-
plicitly Hicks neutral. Consider, for example:

6) ¢(V,T)=T+T" V+T? F'*‘::Zi Fi(z,)

which implies that
—T*ENTY—4AT T°=3 Fi(zy)]
S >0,
27
which is obviously not Hicks neutral since 7" cannot be factored out to yield

(7) Y=

Y=T.§l Fé(z).

In the case of partial Hicks neutral technical progress and non-homotheticity, the effect
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of changes in 7" on ¥ is not simply multiplicative, but it depends on the following expression:
®) aY_ ¢r(Y,T)
T 3 Py (ao ¥) — v (¥, T)
Thus the effect depends not only on the factor inputs z;, but also on the levels of ¥ and of
T itself.
b. Total Hicks Neutrality
This type of technical progress is defined as the marginal rate of substitution between
z; and z; not being affected by technical change as long as the levels of all factor inputs
remain constant at a given isoquant:

pi Yy

(9) iﬂi_;:E:?:f” (5131, ***y Ty If) ] 1<—:£1 jﬁﬁ.
j
That is to say,ﬁzoﬂ.
oT

Solving this system of partial differential equations we get
(10) F(a1, -y xn ¥)=¢ (¥, T(¢t)).
Thus we have:
Theorem 2: If technical progress is of the kind of total Hicks neutrality, 1. e., if the marginal
rate of substitution between z; and x;, (1<1, j<n), is invariant under the given values of
Z1, o, Zn and V, then the underlying production function has form (10). It is an implicit
and (possibly) non—homothetic production function subject to total Hicks neutrality.
3. Non-Homothetic Production Functions Subject to Harrod (or Solow) Neutral Technical
Progress
a. The Two-Factor Case
We first consider the production function with two factors such as capital K and labor
L. Harrod neutrality is defined by assuming that the marginal product of capital stays
constant under technical progress as long as the output-capital ratio is constant (Sato and
Beckmann [13]). |
al. Extended Harrod Neutrality
We start with a slightly generalized concept of Harrod neutrality, called extended
Harrod neutrality. We define it to imply that there exists an invariant relationship between
the marginal product of capital and the amounts of capital and output. That is to say, the

relationship
oY
(11) Pl =f(V, K), (f not necessarily homogeneous of degree one),

remains unchanged under technical progress. Equation (11) can be treated as an ordinary
differential equation yielding the solution
(12) G(Y,K)=C(L,T),
or
(12’) Y=F[K,C(L,T)].
This is a non-homothetic production function subject to extended Harrod neutral tech-
nical progress. We may call it a labor-affecting technical progress. A special case of the above

2) We owe this to the referee.
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is when C'(L, T) appears as
(13) C(L,T)=TL.
This is the case of labor augmenting technical progress.
a2. Harrod Neutrality Proper
If the marginal product of capital depends on the capital-output ratio such that

oY
(14) a_K_f(YfK):
then the resulting production function must take the form
(15) G(Y,K)=C(L,T),
- where G'(¥, K) is a homogenous function of the first degree.
a3. Extended Solow Neutrality
In the same manner as above the concept of Solow neutral technical progress can be
extended. By interchanging K with L the “non-homothetic Solow neutral” production
function can be expressed as
(16) G(Y,L)=C(K,T)
or
(16’) Y=F[L,C(K,T)].
Now technical progress is capital-ajfecting.
a4. Solow Neutrality Proper
For the case of

! a Y —_
(14/) ﬁ_F(YlL)’
we simply have
(15) G(Y,L)=C(K,T()),
where G is a homogeneous function of the first degree.
b. The n-Factor Case, n>2
The concept of Harrod (or Solow) neutrality may be generalized to the n factor case in
several ways. Since in the n factor case precludes only two types of factors of production,
we shall call this extension: Harrod-Solow neutrality.
bl. Extended Single Factor Harrod-Solow Neutrality
We define this type of technical progress by assuming that technical progress does
not affect the marginal product of one specific factor ¢ as long as the amounts of this factor

and output remain constant:

ay
(17) —=f(ai, Y), for only one i.
ﬁm
The underlying production function is derived by the solution of (17) as:
(18) G (@i, V) =C(&1, @2y ***5 Ti-1y Tin1y ***y Ty T) s
or
(18’) Y:F[J:i, C(.’If], "ty Li-1y Titly """y Lny T)]'
Thus, except for the ¢'» factor input, ¥ depends, through the C-function, on all other factor
inputs and the level of technical progress 7. (18’) is a non-homothetic production function
with technical progress affecting all factors except . We summarize the main results in the

following:
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Theorem 3: If in the two—factor case technical progress is Harrod (Solow)-neutral, i. e., if the
marginal product of' capital (labor) ts not affected by technical progress as long as:
(1) the output level and capital (labor) remain constant (extended case) or (2) the capital
(labor)—output ratio remains constant (proper case), the production functions (12') and
(167) respectively are (possibly) non—homothetic with capital (labor) affecting technical
progress. In the n—factor case (n>2), the assumption of an extended single factor Harrod—
Solow meutrality, as defined in (17), yields a non-homothetic production function (18/)
where technical progress affects all factors except the i*®,
b2. Extended Several Factor Harrod-Solow Neutrality
This case is defined by the invariant relationship (17) up to % factcnrs of production:
oY
19) . %,
If % <n, the underlying relationship between ¥ and z must be

k n
(20) ¢.El Gi(zy V) = EHC* (Zks1y **y Tny T's)

—=ft(x, V) for i=1,1--+,k: k<n.

or

(20!) Y“__F[Ils T2y """y Thy Z C'(Imh "ty Lny Tl‘)]'
s=k+1

This is a non-homothetic production function where technical progress affects all factors
k+1, -+, n, but not factors 1, .-+, k. If in (19) k=mn, then equation (29) becomes

(@) 6@ V) =C(T®)

which is a special case of a non-homothetic production function with partial Hicks neutrality
discussed in (4).
b3. General Harrod-Solow Neutrality
This still more general case is defined by replacing z; in (19) with z= (z,, -*-, &) :
v
(22) %—-—f‘(ﬂ: V) i=1,,k; k<n.

Now the underlying production relationship must be

(23) G(z, V) =‘§;;-1 C* (zra1, 3 Tmy T (£))

or

(23/) I’=F[.::, .,%IC' (Zke1, **y Zmy T (t))].

This is a non-homothetic production function which depends on all factors of production
and where technical progress separately affects all factors k+1 to n.
To summarize we have:

Theorem 4: If in the n—factor case (n>2) technical progress is of the kind of general Harrod—
Solow neutrality as defined by (22), the resulting non—homothetic production function repre-
sented by (23') depends on all factors of production and separately on technical progress
affecting those factors whose marginal products are not constant under technical change,
given that z and Y are held constant.

4, Non-homothetic Production Functions Subject to Sato-Beckmann Neutral Technical
Progress
a. The Two-Factor Case
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We will first consider the case of two factor inputs, capital X and labor L. Sato-Beck-
mann neutral technical progress is defined by assuming that the elasticity of substitution
between K and L is not affected by technical progress as long as the relative share ratio s
does not change at a given isoquant. Thus the basic invariant relationship which is not
affected by technical progress is:

dk @

(24) o=———= f(s, Y)
where
m:zﬁ, Il'.::-JE and s= Yo-L = m'
Vi L Y- K &k

Solving this differential equation we have

25 Gl,o,Y)=C(Y,T)
where G is homogeneous of degree one with respect to & and @, and a monotone with respect
to V. Writing @ as

(5) w=glk, ¥, C(¥, TI=7%,

K
and solving the above partial differential equation we obtain:

(26) F[K: L: Y: Cl ( Y: Tl)]"—_'cz ( Y; T!) 1
where F'is homogeneous of degree one with respect to K and L and T, and T, are two tech-
nical progress terms. This is an implicit non-homothetic production function subject to the
Sato-Beckmann type of technical progress. A special case of the above, when
0C, OF _
Y 9y T (t)

F[T:-K, szTz or

2
(27) F[T\'Te K, Ty L]=F[AK,BL]=Y.
This is the case of Sato-Beckmann technical progress applied to a constant returns to scale
economy, cf. [13]. |
b. The n-Factor Case: n>2
Now the invariant relationships are:
_ 0log mifz; Wij
(28) Oij= P ].Ug:{ﬂfj = ”(-Tf'ﬁ,ﬂ_f
Solving the above system, we have
(28") G (wij, zilzs, Y) =CY (Y, TY)
where G/ is a homogeneous function of degree one with respect to w;; and z;/z;. Rewriting
the above we obtain
(29) wij=wijlzifz;, ¥V, CH (Y, TH)], 1<i, 3:5 N
But for w;; we may write

Y;
29’) —=wy.
(29) 5 =y
Combining the solutions of the independent parts of the above partial differential equation

system, we derive

0, Cy= and F(K,L,C\(Th) =F[T-K, L] is

, I’), 1<¢,j<n.
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n—1
(30) F['zr Y, Al (Yr TI): veey A% (Yr Tﬂ--l)]=i_§ Bi( Y, T:‘,) ’
or more explicitly
n-1 n-1
(307) 2 Fila, ¥, A (Y, 7)1+ F" (zn, V) =2 B (Y, Ty).

We summarize the results in the following theorem:

Theorem 5: If in the two—factor case technical progress is Sato—Beckmann neutral, 1. e., if the
elasticity of substitution between capital and labor is not affected by technical progress as
long as the relative shares do not change at given isoquant, the productive relation must be
of the form (26), an implicit non—homothetic production function where technical progress
is described by two terms. In the n—factor case (n>2) the more complicated implicit non—
homothetic production function (307) results, where there are n—1 terms describing technical
progress.

5. Cost Function and Technical Progress: Indirect Neutrality

Another approach to the study of productive relations under technical change is to work
with a cost function instead of a production function. In this case “‘neutrality” has to be defined
in terms of the cost function. In this section we derive general expressions for cost functions
assuming different types of neutralities defined in terms of underlying cost relationships.
These types of neutralities are referred to as “indirect neutrality.” We assume the cost
function C to be a concave homogeneous function of the first degree with respect to p;, the
¢* factor price, i. e.,

(31) C‘_—C(Fh "ty Py Y: T)
Again the underlying production function may be non-homothetic.
a. Indirect Hicks Neutrality
This type of neutrality will be defined by

ac /aocC
- ——— ij 'TE] ny ’1 ', 1 #
(32) 3/ p; f(pryypn, ¥), 154,750

where fi/=homogeneous of degree zero with respect to p. This corresponds to total Hicks
neutrality as defined in (9). Integrating the independent part of the above partial differential
equations, we immediately obtain

(33) F(Ph“‘:?m Y)ZC(Yt T):
where F is homogeneous of degree one in all prices. This is an implicit cost function and the
counterpart of the direct case, cf. equation (10). It may be more convenient to define

Pi _
c(v, 7@ "
so that we obtain

(35) F(y1, -y yn, ¥Y) =1,

Thus, the “‘real’”’ cost of production of Y is uniformly affected by technical progress such
Pi
Cc(Y,T)

Hicks neutrality.
b. Indirect Harrod—Solow Neutrality

This type of indirect neutrality will be defined in accordance to (17) as

(34) 1<i<n,

that will be reduced uniformly by technical progress-which is the equivalent of
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ac
(36) =—=zi=zi(p1,, pn, ¥)for one i,
api
to yield
(37) C=pwi(p1, -, Pn, Y)+J§ pizi(p1, s pn, ¥, T).

c. Indirect Sato-Beckmann Neutrality
This type of technical progress will result from the invariant relationship between the

elasticity of substitution and the ratio of cost shares (cf. [13]):

d log B %
(38) 3i_f=—g—j zfi'f '—‘, Y 3 lﬂi,jﬁn,
9 log et pi .
Ci Pj

which yields

n—=1

(39) €= F'lpy ¥, 4(Y, T)]+F"(a, V) =3 BI(Y, ).

fm=1
To summarize the results:

Theorem 6: The cost function will be affected by technical progress in such a way that

P D3 Pn
F I S ———" Y= 1!
[C(Y, 7)’ C(Y,7) c(Y,7) :l
if and only if it is indirect non—homothetic Hicks neutral. The Harrod-Solow technical
progress will yield the form:
C=pizi (Pr P’) +j§1 Pjxj (p: Y, T) .

The Sato—-Beckmann type of factor cost reducing technical progress is represented by

n-1

fi—1
C=§’F£EP$1 Y: Ai(yr T@)]—l-F“(mm F)=i Bi(Yipf)'

=1
6. Testable Production and Cost Functions Subject to Different Types of Technical Progress

In order to test which type of production (cost) function and which type of technical
progress fits the statistical data best, the analytical form of some implicit or explicit produc-
tion and cost functions derived in the foregoing section must be specified. This is not possible
without some degree of arbitrariness, or to put it otherwise, without some additional assump-
tions which are sometimes quite restrictive. Therefore, if homotheticity and/or a special
kind of neutrality of technical progress is to be accepted or rejected, this is to apply only
for the specifications chosen in this section. Tables A and B summarize the specific types of
production and cost functions used for estimation.

7. Empirical Estimation

a. Statistical Data |
The German economy (except the government sector and nonprofit organizations) is
subdivided into 12 sectors®. For each sector yearly figures from 1954 to 1967 are taken from
3) The twelve sectors are (1) agriculture, forestry, fishing, (2) gas, electricity, water, coal mining, (3)
chemicals, stone, clay, glass, (4) iron, steel, non-iron, metals, (5) machines, vehicles, (6) electrical machin-
ery, sheet-iron, (7) wood, paper, leather, textiles, (8) food, beverages and tobacco, (9) buildings, (10)
trade, (11) transportation and communications, (12) other services. Classification of production sectors
in the EWG: cf. Statistisches Amt der europiischen Gemeinschaften: Methodologie der Gemeinschaften
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Table A Testable Production Functions Subject to Different Types of Technical Progress

Hicks Neutrality Harrod-Solow Neutrality
Yi_pi_, #¥ Vi pi Yo
MRS 3.= 0 “zoive; Y, zhye T
L] n
Implicit Form 3] ayzi 1Y di=¢ (¥, T)* @iz P Y= azi e V-8.T-B
i=1 i+t

*See Barnett, Kopecky, and Sato [17], Sato and
Beckmann [14], Sato [12].

Econometric Tests Econometric Tests
t=1,2,3, L(labor), K(capital), M(raw Same as Hicks neutrality.
material).
Pr=w, Pg=r, Pp=price of M.
s (I1A)
Log (w[r) =log a;+by log L+4¢; log K+4dy log ¥ Same as (IA)+fit, T=t
(IB) (IIB)
Log (r|Pw) =log az+ bz log K+e¢z log M+dzlog ¥ Same as (IB)+fot
(IC) (IIC)
Log (Pm|w) =log ag+bs log M+eglog L4-dslog ¥ Same as (IC) + faf.
Form of ¢~function Harrod Neutrality
(i) ¥7-(a+bT) or a¥+bT+o fi=—B1 fo=Paurfs=—Bu-+PL. Br, Pu>0
(ii) ¥T.e8*0T or gea¥+pT S fi=o0.
(iii) ¥T.aT# '

Solow Neutrality
Si=Bk, fi=—Bx+Bufs=—Bu, Bx, Pu>0
Ef;Eﬂ.

consistent estimations made for a disaggregated forecasting system of the German economy.
The figures consist of : invested gross and net capital K(=Brutto-und Nettoanlagevermogen),
total labor force L (in billion of working hours, = Arbeitsvolumen), employed persons A
(in millions, = Unselbstindige), total wage bill W (in billions of DM, =gesamte Lohnsumme),
profits G (in billion DM, =Gewinne), secondary inputs (= Vorleistungen) of all sectors to
sector ¢, =1, ---, 12. From these sources an average wage rate w is estimated by w= W|4
and a profit rate »=G/K»et. The price levels of the products of each sector were also availa-
ble. Since we had only 14 observations for each variable we could not consider all secondary
inputs but selected for each sector as ‘‘material input”’ only one input which was the most
important for that sector. Therefore, material input M is only a part of all secondary inputs. .
b. Results -

There are eight sets of equations I to VIII with three equations in each set. Estimations
have been made by the OLS—-method for each of the 12 sectors. Table C shows the results
of the estimations. There are sectors (e. g., No. 2, energy and coal mining) where the data
fit almost all types of production and cost functions under consideration, and there is one
sector (No. 5, machines and vehicles) where the data do not fit any of the functions con-
sidered. Among the production functions properties (IA-C and IIA-C), the Harrod-Solow
neutrality definitely is preferable to the concept of Hicks neutrality. For all sectors for which
a Hicks neutral production function cannot be rejected, a Harrod-Solow neutral production
function also cannot be rejected; and there are many more sectors for which only this type

der Input-Output-Tabellen 1965, Sonderreihe 1, 1970 (NACE-CLIO (1965)).
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Table B Testable Cost Functions Subject to Different Types of Technical Progress

1. First Specification

ac

aP;
Factor Rati0=ﬂ=-—f'=a¢_f(ﬂ)b- Yey. Ty

Iy Oov by
0Py
L 1
Cost Function= [E aipiP- ¥4 T‘l’i]" e=¢(Y,¢, T)=C.
=1

Econometric Tests

Indirect Hicks Neutrality Indirect Harrod-Solow Neutrality
(IIIA) log(L/K)=log a1+b; log(W|L) (IVA) =.-. (IITA) + fit
+dylog ¥ . (IVB) =-.. (IIIB) + ft
(I1IB) log(K/M)=log az+bg log (r/Pm) (IVC) =... (IIIC) + fat.
+dzlog ¥
(ITIIC) log (M|L) =log as-+bs log (Pm/w)
+dslog Y.
b=bj=bi{=}P=Pi=Pj More restrictions on di's and ay’s

(di=0 {=)» Homogeneity of D1).
2. Second Specification

ac
Factor Ratio 2%%“‘ (.;:)m; YeuTdey
a'PJ

kg
3 ayp Pt Py ¥ 0T Ry
i=1

Cost Function= G(P V. T) =(, G=homogeneous degree zero with
. respect to Py's.
Econometric Tests '
Hicks Neutrality ' Indirect Harrod-Solow Neutrality
(VA) log(L|K)=log as+bs log W (VIA) = (VA) +fit
+eylog r+dylog ¥ (VIB) =-+ (VB) +fat
(VB) log (K|M)=log az+bs log (VIC) = (VC) + it

+ezlog Pp+dslog ¥
(VC) log(M|L)=log ag+bs log Py
4¢3 log w+ds log Y. .
Restrictions on the coefficients:
(di=0{=> Homogeneity of D1)
3. Third Speciﬁcatl&n

n
Factor Demand Funntian:x;:u;ﬂ (—?) - Vi T
=1 i

i=1 Pi
Empirical Tests
Indirect Hicks Neutrality
(VIIA) log L=log ay+bi log(r/w) + bz log (pm/w) +b1s log (r/pm) +d1 log ¥
(VIIB) log K=log ag+ by log (w|r) +bes log (pm/r) +bes log (w/pm) +dz log ¥
(VIIC) log M=log ag-+ by log (w/pm) +bsz 10g (r/pm) +bss log (w/r) +dslog Y.
Indirect Harrod-Solow Neutrality
(VIIIA) =... (VIIA) + fit
(VIIIB) =--- (VIIB) + fat
(VIIIC) =--- (VIIC) + fat.
Restrictions on the coefficients
ai, di, fi>0.
If di=dy {=) cost function is homothetic, .

i ] n Pj ﬂ'"
Cost Function=3] aip; I[ (—) -YuThi=RB(Y,T)=C.
=]
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Table C Types of Production (Cost) Functions and Types of Technical Progress in Different Sectors

Type of Produc- No. of the Production Function accepted (+) if the
tion or cost sector for parameters a, b, ¢, d, f lie in confidence
function of which the intervals that the regularity
technical production conditions are fulfilled for some relations
Progress function of the parameters confidence interval
is valid
(1) (2) 909 959 97.5% CESD Non-CES2 Harrod® Non-Homothetict**
IA-C 2, 7,8 + + +- 8 2,7 8
Hicks — 5 + Hicks=2, 7, 8
Neutrality — = +
all other L .
sect.
1IA-C 1,2 12 + + + 1,3,8,12 1,2,7,8 3,12
Harrod-Solow 3, 7,8 - + + _
Neutrality , 11 - - + Harrod®=2, 3, 8
all other - — — Solow#=1, 7, 12
sect.
IITA-C 12 + + + 12+
Indirect Hicks - 4+ 4+ *di#0
Neutrality - - +
all other . . _
sect,
IVA-C + + + 6, 9, 10, 11
Indirect Harrod 10 - — +
Solow Neutrality - - +
all other = _ _
sect.
VA-C 2,4,6,10 + + + 2 4,6,7,9,10
Indirect Hicks— 7,9 — - S
Neutrality 3 — - e
all other _ o
S‘e‘ctll
VIA-C 3, 6, 10 +  + + 3,9,12 6,7, 10
Indirect 7,9,12 - + +
Harrod-5Solow ill " - — +
. other
Neutrality sect. - - -
VIIA-C 2,811 + -+ + 2, 4,8, 11*
Indirect 4 - - + *di=d
Hicks o 7]1 — — +
. other
Neutrality ety — - +
VIIIA-C 2, 11 + + -+ 2,3,4,11
Indirect 3, 4 — + '+‘
Harrod-Solow i h? - +
. other
Neutrality el - —

1) Condition in IA-C or ITA-C: hi=ly=b=—ci=—a=—03

2) Condition (1) is violated.

3) Condition in (A-C or ITA-C: dy=dy=d3=0.

4) Condition (3) in IA is violated.

5) Condition in IIA-C: fi+fa+/f3=0 and f1<0, fi>0.

6) Condition in ITIA-C: fi+f3+f3=0 and f1>0, [f3<0.

+ * Different types of production (cost) functions at 959, confidence interval.
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of production function fits the data. As to different types of cost functions (IIIA-C to VIIIA-
C) there seems to be a slight advantage of the explaining power of the cost function (49)
(VA-C and VIA-C), judged from the number of sectors for which the data fit these types of
cost function. The main lesson to be learned from Table C is that there is not one approach
which is better in all cases, at least not on this level of abstraction®.

Table C also shows the properties of the production functions IA-C and ITA-C for
those sectors for which this approach cannot be rejected. Again there is no uniformity among
the sectors: CES, non-CES, homothetic and non-homothetic Hicks-, Harrod- and Solow
neutral production functions are present.

Turning to the cost function approach we can see that there are homothetic and non-
homothetic cost functions. For cost functions IITA-C to IVA-C, the non-homothetic type
fits the data in almost all cases where there is a fit at all; for cost functions VIIA-C and
VIIIA-C homotheticity is always realized. For cost functions VIA-C, homotheticity and
non-homotheticity are both present.

Reviewing the results in total one may say that, on the given level of aggregation and
for the production and cost functions used in the empirical investigation, there is not one
type of function which is uniformly better for all sectors of the (German) economy. As a
rule there are different approaches which fit the data equally well. The major conclusion is
that non-CES and non—homothetic production and cost functions cannot be neglected, and that
in many cases they definitely fit better than the usually applied homothetic CES functions.

(Ryuzo Sato: Brown University, U.S. A.)
(Wilhelm Krelle: University of Bonn, Germany)
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